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Abstract. Arrays of coupledchaotic elementshave beenusedas modelsfor studyinga wide
rangeof phenomenasuch as synchronizationand patternformation in biological and physical
systemsWe presenexperimentabndnumericalresultsshaving thatthesearrayscanalsohelpus
understandhe origin of the stretchedxponentialdynamicsobsenedin glassesandothercomplex
systems Stretchedexponentialbehaior hasbeenmeasuredver mary decadesn a 1D array of
coupleddiode-resonatorgust above a crisis-inducedntermitteng transition.Similar resultsare
obtainednumericallyin an array of identical chaoticoscillators,con rming the chaoticorigin of
this universalbehavior. In thesesystemswe nd thatthe fundamentaphysicalquantityassociated
with stretchedexponentialds not the auto-correlatiorfunction but, rather the distribution of times
spentin dynamicatraps.Here,wereview theseresultsanddiscusgheirrelationwith othersystems.
We will alsopresentesultsobtainedon higherdimensionahetworks.

1. INTRODUCTION

Coupledchaoticsystemsshav a greatrichnessof dynamicalbehaiors and, as such,
can sene as toy-model to study mary physical phenomenaThis was the casefor
synchronizatiorand patternformation, for example.Numerousresearchersave also
foundthatarraysof couplednon-linearelementsould behae in away reminiscenof
thatof glasse$1, 2, 3], with very slow dynamicsandfreezingin disorderedtatesThis
is animportantdiscovery becauséhe problemof the glasstransitionis oneof the oldest
problemsn condensed-mattghysicsandremainsatopic of highinterest.

Fragile glassesare characterizedy an increaseof mary ordersof magnitudein
viscosity as the temperaturedropsby a few degrees.Near this region, the dynamics
of relaxationof variousquantitiescanbe tted by a stretchedexponential,

C(t) = Cpe (60)" (1)

with 0< b < 1. Glasseslsoundego agingandmary propertiesdependon the history
of preparationandon the waiting time beforea measuras taken or an externalstrain
applied.lt is not clear atthis point, how thesetwo propertiesarerelated.

In thelastfew years,muchexperimentalnumericalandtheoreticalefforts have been
targetedat trying to identify alength-scaleassociateavith the dynamicalslowing down
andcharacterizéhe dynamicalheterogeneitieundin glasses.

We discussheresomerecentresultsobtainedin the courseof a detailedstudyof the
glassydynamicsin anarrayof coupleddioderesonatorsThe experimentalresultscan
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FIGURE 1. Schematiadiagramof a singlediode-resonataandits couplingto its nearesheighbordn
aone-dimensionarrangement.

bereproducedisingcoupledlogistic maps,suggestinghattheseresultsareuniversal.
In the next section,we describethe experimentalset-upand the model usedto

reproducesomeof the resultsnumerically We then presentand discussthe results

obtainedbothexperimentallyandnumerically

2. METHODOLOGY

2.1. Experimental set-up

We considera one-dimensionathainof 256 coupleddiode-resonatorsonnecteds
aring. A schematiadiagramshawing its basicelementds presentedn Figurel. The
diode resonatorcircuit is simply a seriescombinationof a 30-mHy inductor and a
recti er type pn-junctiondiode (1N1004)driven by a sinusoidalsourceat 100 kHz.
This circuit hasbeenstudiedextensvely over the last 20 yearsandis known to follow
the period-doublingouteto chaosastheacdriveis increased4, 5, 6]. Theseelements
arecoupleddiffusively throughresistorsasshavn in thediagramandperiod-boundary
conditionsareused.In spiteof a carefulselectionthe drive voltagefor a givenfeature,
suchasthe period-3 x ed points, variesby up to 20% betweenbasicelements.This
one-dimensionaetuphasbeenpreviously studiedwith unidirectionalcoupling[7] and
underthe conditionsof stochasticesonanc¢s, 9, 10].

Theoverall phaseadiagramof this systemasthedrive voltageis increasedrepresents
a kink-forming routeto spatio-temporathaos[11]. At low drive voltage,all elements



follow the period-doublingouteto chaosin a nearlyperfectsynchronousnanneyrwith
no or little currentin thecouplingresistorsAs thedriveis increasedthelatticereaches
a two-bandchaoticorbit with all elementsagain,beingin the samebandat the same
time. Furtherincreasinghevoltageleadsto theformationof spatialstructuregscoarse-
grainedperiod-2phasekinks (two-bandstructureswith elementsalternatingbandsat a
giventime) startto appear[7]. It is interestingto note that eachtime a new kink is
formed,theorbit stabilizestself. At it turnsout, thereis appreciablg@ower dissipatedn
thecouplingresistorsatthekink position,reducingtheavailablephasespacelncreasing
the driving, the numberof kinks increaseantil all elementsare on a kink, i.e., with
neighborsin the oppositeband.Furtherincreasingthe drive voltage,the systemgoes
througha high-dimensionabersionof thewell-studiedattractormerging crisis[12]. We
de ne thecritical drive voltageV, asthe point wherethe two attractorgust touch.Just
abore V., the systemoscillatesbetweenfull spatio-temporathaosandcoarse-grained
periodicity, being trappedfor long periodsin the latter state.In the caseof a single
chaoticelement,this crisis-inducedintermittencywas shawvn to display exponentially
distributedswitchingtimes[12]. As discussedhere we also nd aform of crisis-induced
intermitteny in coupledsystemsbut the trap time distribution is now dominatedby
stretchedexponentials.

2.2. Coupledlogistic maps

The experimentalresultscanbe reproducedjualitatvely usingan array of coupled
logistic mapsasintroducedby Kanelo [13] andJohnsoretal. [7] afew yearsago:

Xt = (1 @)+ 5 f 1)+ fug(to) @

where fi(tn) = rx(tn) 1 x(tn) anda is the couplingbetweenoscillators.Although
this map is sufcient for the problemdiscussecdhere, it doesnot describethe full
dynamicalbehaior of the experimentalsystem,which includessomememoryeffect
whichis bestreproducedy atwo-dimensionamap|6].

Simulationaretypically run on latticeswith periodicboundaryconditionvaryingin
sizebetweerl00and10000sites Initial conditionsaresetatrandomandthe rst million
stepdiscardedo avoid transieneffects.Simulationlengthvary betweerl 0’ to 101% time
steps.

Resultsbelon aregenerallypresentedor a = 0:25andr = 3:83 or 3:8888,two sets
of parametershaving a glassybehaior.

2.3. Analysis

Figure2 showvs a 4096-gcle time seriesfor the 256 elementsThetwo phase®f the
two-bandattractorarerepresentecs black and white, and only every othertime step
is displayed Note the creation,annihilationanddiffusionof the boundarie®f the two-
bandattractor With the couplingresistorsused,150 kOhms,the coarse-grainedpatial
periodicity of thelatticeis about4 sites.



FIGURE 2. Time seriesof the 256 diodesin the intermittentstate,just above V. Sincethe system
displaysa fundamentaperiod-two oscillationin time below V., we shawv the stateof the diodesat even
time-stepsn abinaryrepresentation.

We are interestedin the statisticaldistribution of trap time in a period-two cycle.
This quantityis formally equialentto the distribution of time intervals betweenzero
crossingf renaval processesuchasrandomwalks[14] andhasthe advantagethatit
canbe measuredxperimentallyand numericallyto a high degreeof accurag for this
system15].

Generally however, experimentallymeasurableelaxationresponsecorrespondo
auto-correlatiorfunctionswhich aregivenby

C(t) = hs (195 (t% t)i e (3)

A generaframavork describingthe directrelationbetweerthis quantityandthe distri-
bution of trap time wasrecentlyintroducedby Luck andGodréchg14]. Applying this
framework to our problem,we canshav thata stretchedexponentialtraptime distribu-
tion implies also a stretchedexponentialdecayin the auto-correlatiorfunction, albeit
with a differentexponent16].

Thereis thereforea oneto one correspondencbeetweenthe trap time distribution
presentedhereandthe morestandarcauto-correlatiorfunction.
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FIGURE 3. Experimentatrap-timedistributionfor asinglesitemeasuredver 10'° cycles.Inset:Auto-
correlationfunctionmeasurever 4096cyclesandaveragedver 256 sites(globalaverage).
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3. RESULTS

3.1. Stretchedexponentialdynamics

As alreadymentionedjust above whatwould be calledcrisis-inducedntermittangy
in a single chaoticoscillator the trap-timedistribution presentsan unusualstretched
exponentialdynamics,reminiscentof glassesHowever, while for most experimental
measuref stretchedexponentialrelaxationin thesesystems,the results spanfew
enoughdecadeshatthey canbe tted by anumberof distributions,experimentakesults
for the coupledsystempresentedhere takenoverafull dayatarateof 10kHz, shavsa
well- tted curve over 6 decadesn thedistribution.

For completenessye also plot the auto-correlatiorfunction, which also follows a
stretchedexponentialform. Due to the way we measurghe auto-correlatiorfunction,
we canonly geta fraction of the statisticsobtainedfor the trap distribution. Evenwith
less statistics,however, the auto-correlatiorfunction follows a stretchedexponential
overabouta decadein agreementith thetheoreticalanalysis.

Becausedhe set-upis disorderedwith diode-resonatordiffering by at most20 % in
their critical voltage,after a careful selection,eachsite displaysa differentdynamics.
Although all sitesshaw a stretchedexponentialtrap-time distribution, the stretching
exponentcanvary considerablyFor example,Fig. 4 shawv thetrap-timedistribution for
threesiteson a 256-diodelattice at the samedriving with b varying by morethana
factorof two.

Similar effectscould be producechumericallywhensitedisorderis introducedn the
variabler.

The stretchingexponentb variescontinuouslywith the externaldrive voltage.From
about0.35to closeto 1.0 asthe systemis closeto fully chaotic.Closelyfollowing this
behaior, thetime factor t,, alsodecreasesesultingin signi cantly longertrapsasthe
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FIGURE 4. Trap-timedistribution at 3 differentsiteson a 256-diodelattice. The main gure shavs a
log-normalplot of thedistribution. In inset,we showv alog-log vs. log plot for thethreesites. The curves
aretranslatedrertically to easeviewing. Thecorresponding are0.8,0.4and0.3,respectiely.
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FIGURE 5. b andt asafunctionof the drive voltagefor the 256-diodearray Thesevaluesaretaken
for agenericsite,with anaverageactiity.

voltagegoesdown. This is similar to whatis seennumerically for the modelabove,
with 0:33< b < 0:70.In thiscasethelongertrapsatthelow b aremorethan250times
longerthanfor b = 0:70, reachingtime scaleof morethan30,000time steps.

By contrastthe increasen the length scaleof the exponentially-decreasingpatial
correlationfunction goesup from 2 to 8 sites.Moreover, ascanbe seenin Fig. 2, it
appeardhatthereis little correlationbetweenthe width of a trap andits duration.A
parallelcanbedravn betweerthesesurprisingfeaturesandtheabsencef ary diverging
lengthscalein glassesstherelaxationtimesincreasaapidly, nearthe glass-transition
temperature.
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FIGURE 6. Top:Activity asafunctionof sitein a 256-siteexperimentaketup Bottom: Activity in the
coupledmaplatticeasa functionof the couplinga andthedriving parameter.
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FIGURE 7. Spatialwavelengthas a function of the coupling strengthfor a 256-elementetwork.
Resultspresentedn this paperarefor a couplingRe, of 10 ® Ohms 1

Theabsenceflong-rangespatialcorrelationss alsorevealedn Fig. 6 which plotsthe
numberof timesa sitehas ipped from onephaseo anothemormalizedoy the number
of time stepsin the simulation.A low actwvity indicatesa site thatremainstrappedfor
long time. Although the experimentis taken on a relatively shortperiodof time, 2048
time stepssampledat a frequeng 10 timesthat of the basicclock tick, it is clearthat
spatialcorrelationis minimal.

While spatialcorrelationincrease®only slightly with decreasinglriving, the spatial
periodicity remainsunchangedAs it turnsout, this quantitydependsnly on the cou-
pling strengthandnot onthedriving. Figure7 shavsthatthe spatialwavelengthfollows
linearly the couplingstrength The stretchedexponentialbehaior is mostly constrained
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FIGURE 8. Naturalinvariantdensityfor theexternalperturbation(left-hanganelsyandanisolatedsite
submittedo this externalperturbatior(right-handpanels)in anumericalsimulation,asdescribedy Eq.
(4). Panels(a) and(b) shawv the variationof the density r (a) andr (x) asa functionof the couplinga
while panelgqc) and(d) shav thevariationof thedensityfor variousdriving, r.

to aspatialperiodicity betweerd and5 sites.

3.2. Origin of the stretchedexponential

In orderto betterunderstandhe origin of the stretchedexponential,we turn to the
numericalmodel. The coupled-mapmodel introducedabore reproducesclosely the
featuresseenexperimentally This demonstratethatthe stretchedexponentialbehaior
is agenericpropertyof coupledchaoticsystemsandnot causedy frozendisorder{15].

In orderto investigatethe origin of the stretchedexponentialbehaior in this system,
we rewrite Eq. (2) asanexternalperturbationa! on anisolatedsite:

X(t+1)= (1 a)f[x(t)]+ aa(t): 4)

Within this picture, it is corvenientto relaxthe coarse-grainegictureandto introduce
the naturalinvariantdensity r (x). This densityis de ned suchthat r (X)dx givesthe
fraction of thetime the orbit spendsn theinterval dx aroundx. A similar quantitycan
bede ned for the externalperturbationys (a).

For the uncoupledmapin the fully chaotic,the naturalinvariantr (x) hasthe well-
known “U” shape[12]. r (a), representinghe distribution for f(x, ;) + f(x,;) is
alreadyvery Gaussian-lik andpealedat0.5.

Thesadensitiesaremodi ed signi cantly with thecoupling.For thesinglesitenatural
invariant,r (x), the peaksat 0 and 1 have movedinside. The competitionbetweenthe
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FIGURE 9. Bifurcation diagramsfor a single site on the coupledmap lattice with N = 16 (smaller
dots)andfor themapx(t + 1) = 0:75f[x(t)] + 0:1625(largerdots). The perturbationin the secondmap
correspondgo the contribtution of the neighborsin a spatial period-four regime [the peakat 0.67 in
Fig. 8(d)].

periodoscillationsandthe chaoticbehaior areclearly seenthere,by a non-vanishing
density betweenthe peaksat x = 0:45 and x = 0:85. The central peakfor r (a) is
shiftedto theright anda shoulderappearsearl. The centralpeakariseswhenthetwo
neighborsof sitei arein oppositeband,i.e., whenthelatticeis in a spatialperiod-four
Theeffectof thisperturbatioronsitei in Eq.(4) is, in effect, to shift the bifurcationmap
from achaoticto atemporalperiod-two regime, settingthe siteinto atrap (seeFig. 9).

While Eg. (4) canhelpunderstandhe origin of thetrapsin thesecoupledsystemsit
alsounderlineshe needfor local spatialorganization.For example,selectingthe per
turbationa(t) from thedistribution r (a) presentedn Fig. 8 generatesnly anexponen-
tial trap-timedistribution. If we introducea biasin the distribution, by favoring with a
stretchedxponentialprobability, avalueof a(t) correspondingo thepeakin r (a), then
the mapalsoshaws stretchedexponentialdistributions. This demonstratethat oncea
stretchedexponentialis presenin thedynamicsjt will forceit ontherestof thelattice.

This is con rmed by constructinga(t) by addingthe stateof two sitesselectedat
randomon a large lattice and using this perturbationon an isolatedmap. The trap-
distribution on this map alsodisplaysa stretched-gponentialtrap distribution, with a
stretchedexponentb largerthanthatof thelattice.

Sincethereis no directcommunicatiorbetweerthetwo sitesselectedcat random(the
spatialcorrelationis very shortrange— lessthan 10 sites), it is even sufcient that
eachneighborbelockedinto a stretched-gponentialtrap-distritution independentlyo
impactsimilarly thecentralsite.
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3.3. Higher-dimensionallattices

In view of the existenceof 3D con gurational glassesijt is interestingto assess
whetherthe stretched-gponentialtrap-time distribution persistsin higher dimension.
In view of the discussiorof the previous section,one could expectthat the stretched
exponentiabehaior disappearapidly with increasinglimensionalityHow fastexactly
hasto be establishe@xperimentally

Fig. 10 shaws the phasediagramof the coupledmap,in termsof the level of actwvity
asfunction of the driving r andthe coupling parametera. While the overall level of
actwity, save for very small couplings,decreasesigni cantly with the dimensionality
of thelattice,the qualitative structureof phasediagramremainssimilar.

In all dimensionthereis a signi cant frozenregionaborea ' 0:1, wherethelattice
locksinto aspatialandtemporalperiodtwo. At very highcoupling,theactiity increases
againasthe whole lattice startsbehaing asa single, perfectlyin step,oscillator The
interestingregion of the phasespace,for our purposesis thereforein the medium
coupling,0:2< a < 0:4, wherestretchedxponentialdynamicsoccursin 1D.

Changesare signi cant enough,however, that we might wonder whetheror not
the closerelation betweenexperimentand simulationwill survive higherdimensions.
While a 3D experimentalset-upis currently being put togethey simulationsindicate
thatthe parametewindow for stretchedexponentialbehaior decreases size. There
are, however, someregions of the phasediagramwhere stretchedexponentialtrap-
distribution occurin both 2D and 3D but a full characterizatiorof thosehasnot been
completedat this point.

4. CONCLUSION

Coupledarraysof chaotic elementsdisplay are remarkablyrich rangeof dynamics.
We have found that for a wide range of parametersthesecoupledlattices behae

in ways very reminiscentof glasseswith frustrationinducing stretchedexponential
distributions.Theseresults which areseernbothexperimentallyandnumericallyappear
to be universal.Becausethe dynamicalsystemscan be much more easyto measure
andsimulate,they canprovide uswith a newv way to studythe origin of the stretched
exponentialrelaxationin glasses.

Spatialorganizationappearritical, here,to generatehe stretchedexponentialtrap-
timedistribution. Thestability of trapsis ensuredy thepresencef aspatialperiod-four
region. Neverthelessthe shortrangespatialcorrelationandicatethatthereis not much
stability gainedby extendinggreatlythe period-fourregion. As b decreaseom 0.50to
0.33andthelongertrapincreasen time 250-fold, the spatialcorrelationlengthgoesup
from 2 to 8. Thiscanbe comparedvith theabsencef adiverginglengthscaleobsered
in glassesasthe dynamicsslows down to a halt.

Althoughwe have mademuchprogressn understandinghis nev dynamicsn arrays
of coupledchaoticelementstherearestill a few questionghatremainto be answered
regardingthe effectsof dimensionandthe links betweenthesesystemsandcon gura-
tional glassesWe arehopefulthatstudyingfurtherthesephasewill helpusidentify the



origin of stretchedexponentialrelaxation,a questionwhich hasbeenwith usfor more
than150yearsby now.
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