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Abstract. Arrays of coupledchaotic elementshave beenusedas modelsfor studying a wide
rangeof phenomenasuch as synchronizationand patternformation in biological and physical
systems.We presentexperimentalandnumericalresultsshowing thatthesearrayscanalsohelpus
understandtheorigin of thestretchedexponentialdynamicsobservedin glassesandothercomplex
systems.Stretchedexponentialbehavior hasbeenmeasuredover many decadesin a 1D arrayof
coupleddiode-resonators,just above a crisis-inducedintermittency transition.Similar resultsare
obtainednumericallyin an arrayof identicalchaoticoscillators,con�rming the chaoticorigin of
this universalbehavior. In thesesystems,we �nd thatthefundamentalphysicalquantityassociated
with stretchedexponentialsis not theauto-correlationfunctionbut, rather, thedistribution of times
spentin dynamicaltraps.Here,wereview theseresultsanddiscusstheirrelationwith othersystems.
We will alsopresentresultsobtainedonhigherdimensionalnetworks.

1. INTR ODUCTION

Coupledchaoticsystemsshow a greatrichnessof dynamicalbehaviors and,assuch,
can serve as toy-model to study many physical phenomena.This was the casefor
synchronizationandpatternformation, for example.Numerousresearchershave also
foundthatarraysof couplednon-linearelementscouldbehave in a way reminiscentof
thatof glasses[1, 2, 3], with veryslow dynamicsandfreezingin disorderedstates.This
is animportantdiscoverybecausetheproblemof theglasstransitionis oneof theoldest
problemsin condensed-matterphysicsandremainsa topicof high interest.

Fragile glassesare characterizedby an increaseof many ordersof magnitudein
viscosity as the temperaturedropsby a few degrees.Near this region, the dynamics
of relaxationof variousquantitiescanbe�tted by astretchedexponential,

C(t) = C0e� (t=t 0)
b

; (1)

with 0 < b < 1. Glassesalsoundergo agingandmany propertiesdependon thehistory
of preparation,andon thewaiting time beforea measureis taken or anexternalstrain
applied.It is notclear, at thispoint,how thesetwo propertiesarerelated.

In thelastfew years,muchexperimental,numericalandtheoreticaleffortshavebeen
targetedat trying to identify a length-scaleassociatedwith thedynamicalslowing down
andcharacterizethedynamicalheterogeneitiesfoundin glasses.

We discussheresomerecentresultsobtainedin thecourseof a detailedstudyof the
glassydynamicsin anarrayof coupleddioderesonators.Theexperimentalresultscan



FIGURE 1. Schematicdiagramof a singlediode-resonatorandits couplingto its nearestneighborsin
aone-dimensionalarrangement.

bereproducedusingcoupledlogisticmaps,suggestingthattheseresultsareuniversal.
In the next section,we describethe experimentalset-upand the model used to

reproducesomeof the resultsnumerically. We then presentand discussthe results
obtainedbothexperimentallyandnumerically.

2. METHODOLOGY

2.1. Experimental set-up

We considera one-dimensionalchainof 256coupleddiode-resonatorsconnectedas
a ring. A schematicdiagramshowing its basicelementsis presentedin Figure1. The
diode resonatorcircuit is simply a seriescombinationof a 30-mHy inductor and a
recti�er type pn-junctiondiode (1N1004)driven by a sinusoidalsourceat 100 kHz.
This circuit hasbeenstudiedextensively over the last20 yearsandis known to follow
theperiod-doublingrouteto chaosastheacdrive is increased[4, 5, 6]. Theseelements
arecoupleddiffusively throughresistors,asshown in thediagram,andperiod-boundary
conditionsareused.In spiteof a carefulselection,thedrivevoltagefor a givenfeature,
suchas the period-3�x ed points,variesby up to 20% betweenbasicelements.This
one-dimensionalsetuphasbeenpreviouslystudiedwith unidirectionalcoupling[7] and
undertheconditionsof stochasticresonance[8, 9, 10].

Theoverallphasediagramof thissystem,asthedrivevoltageis increased,represents
a kink-forming routeto spatio-temporalchaos[11]. At low drive voltage,all elements



follow theperiod-doublingrouteto chaosin a nearlyperfectsynchronousmanner, with
noor little currentin thecouplingresistors.As thedrive is increased,thelatticereaches
a two-bandchaoticorbit with all elements,again,beingin the samebandat the same
time.Furtherincreasingthevoltageleadsto theformationof spatialstructuresascoarse-
grainedperiod-2phasekinks (two-bandstructureswith elementsalternatingbandsat a
given time) start to appear[7]. It is interestingto note that eachtime a new kink is
formed,theorbit stabilizesitself. At it turnsout,thereis appreciablepowerdissipatedin
thecouplingresistorsatthekink position,reducingtheavailablephasespace.Increasing
the driving, the numberof kinks increasesuntil all elementsare on a kink, i.e., with
neighborsin the oppositeband.Furtherincreasingthe drive voltage,the systemgoes
throughahigh-dimensionalversionof thewell-studiedattractor-mergingcrisis[12]. We
de�ne thecritical drive voltageVc asthepoint wherethe two attractorsjust touch.Just
aboveVc, the systemoscillatesbetweenfull spatio-temporalchaosandcoarse-grained
periodicity, being trappedfor long periodsin the latter state.In the caseof a single
chaoticelement,this crisis-inducedintermittencywasshown to displayexponentially
distributedswitchingtimes[12]. As discussedhere,wealso�nd aform of crisis-induced
intermittency in coupledsystemsbut the trap time distribution is now dominatedby
stretchedexponentials.

2.2. Coupled logistic maps

The experimentalresultscanbe reproducedqualitatively usingan arrayof coupled
logisticmapsasintroducedby Kaneko [13] andJohnsonetal. [7] a few yearsago:

xi(tn+ 1) = (1� a ) fi(tn) +
a
2

�
fi� 1(tn) + fi+ 1(tn)

�
(2)

where fi(tn) = rxi(tn)
�
1� xi(tn)

�
anda is the couplingbetweenoscillators.Although

this map is suf�cient for the problem discussedhere, it doesnot describethe full
dynamicalbehavior of the experimentalsystem,which includessomememoryeffect
which is bestreproducedby a two-dimensionalmap[6].

Simulationaretypically run on latticeswith periodicboundaryconditionvarying in
sizebetween100and10000sites.Initial conditionsaresetatrandomandthe�rst million
stepdiscardedtoavoid transienteffects.Simulationlengthvarybetween107 to1010 time
steps.

Resultsbelow aregenerallypresentedfor a = 0:25 andr = 3:83 or 3:8888,two sets
of parametersshowing a glassybehavior.

2.3. Analysis

Figure2 shows a 4096-cycle time seriesfor the256elements.Thetwo phasesof the
two-bandattractorarerepresentedasblack andwhite, andonly every other time step
is displayed.Notethecreation,annihilationanddiffusionof theboundariesof thetwo-
bandattractor. With thecouplingresistorsused,150kOhms,thecoarse-grainedspatial
periodicityof thelatticeis about4 sites.



FIGURE 2. Time seriesof the 256 diodesin the intermittentstate,just above Vc. Sincethe system
displaysa fundamentalperiod-two oscillationin time below Vc, we show thestateof thediodesat even
time-stepsin a binaryrepresentation.

We are interestedin the statisticaldistribution of trap time in a period-two cycle.
This quantity is formally equivalentto the distribution of time intervals betweenzero
crossingsof renewal processessuchasrandomwalks[14] andhastheadvantagethat it
canbe measuredexperimentallyandnumericallyto a high degreeof accuracy for this
system[15].

Generally, however, experimentallymeasurablerelaxationresponsecorrespondto
auto-correlationfunctionswhich aregivenby

C(t) = hs (t0)s (t0+ t)i t0: (3)

A generalframework describingthedirectrelationbetweenthis quantityandthedistri-
bution of trap time wasrecentlyintroducedby Luck andGodrèche[14]. Applying this
framework to our problem,we canshow thata stretchedexponentialtraptime distribu-
tion implies alsoa stretchedexponentialdecayin the auto-correlationfunction,albeit
with adifferentexponent[16].

Thereis thereforea one to one correspondencebetweenthe trap time distribution
presentedhereandthemorestandardauto-correlationfunction.
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FIGURE 3. Experimentaltrap-timedistributionfor asinglesitemeasuredover1010 cycles.Inset:Auto-
correlationfunctionmeasureover4096cyclesandaveragedover256sites(globalaverage).

3. RESULTS

3.1. Stretchedexponentialdynamics

As alreadymentioned,just above whatwould becalledcrisis-inducedintermittancy
in a single chaoticoscillator, the trap-timedistribution presentsan unusualstretched
exponentialdynamics,reminiscentof glasses.However, while for most experimental
measuresof stretchedexponentialrelaxationin thesesystems,the resultsspanfew
enoughdecadesthatthey canbe�tted by anumberof distributions,experimentalresults
for thecoupledsystempresentedhere,takenovera full dayata rateof 10kHz, showsa
well-�tted curveover6 decadesin thedistribution.

For completeness,we also plot the auto-correlationfunction, which also follows a
stretchedexponentialform. Due to the way we measurethe auto-correlationfunction,
we canonly geta fractionof thestatisticsobtainedfor thetrapdistribution.Evenwith
lessstatistics,however, the auto-correlationfunction follows a stretchedexponential
overaboutadecade,in agreementwith thetheoreticalanalysis.

Becausetheset-upis disordered,with diode-resonatorsdiffering by at most20 % in
their critical voltage,after a carefulselection,eachsite displaysa differentdynamics.
Although all sitesshow a stretchedexponentialtrap-timedistribution, the stretching
exponentcanvaryconsiderably. For example,Fig. 4 show thetrap-timedistribution for
threesiteson a 256-diodelattice at the samedriving with b varying by more thana
factorof two.

Similareffectscouldbeproducednumericallywhensitedisorderis introducedin the
variabler.

Thestretchingexponentb variescontinuouslywith theexternaldrive voltage.From
about0.35to closeto 1.0asthesystemis closeto fully chaotic.Closelyfollowing this
behavior, thetime factor, t 0, alsodecreases,resultingin signi�cantly longertrapsasthe
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FIGURE 5. b andt asa functionof thedrive voltagefor the256-diodearray. Thesevaluesaretaken
for a genericsite,with anaverageactivity.

voltagegoesdown. This is similar to what is seennumerically, for the modelabove,
with 0:33< b < 0:70.In thiscase,thelongertrapsat thelow b aremorethan250times
longerthanfor b = 0:70,reachingtimescaleof morethan30,000timesteps.

By contrast,the increasein the lengthscaleof the exponentially-decreasingspatial
correlationfunction goesup from 2 to 8 sites.Moreover, ascanbe seenin Fig. 2, it
appearsthat thereis little correlationbetweenthe width of a trap and its duration.A
parallelcanbedrawn betweenthesesurprisingfeaturesandtheabsenceof any diverging
lengthscalein glassesastherelaxationtimesincreaserapidly, neartheglass-transition
temperature.
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Theabsenceof long-rangespatialcorrelationsis alsorevealedin Fig.6whichplotsthe
numberof timesa sitehas�ipped from onephaseto anothernormalizedby thenumber
of time stepsin thesimulation.A low activity indicatesa site that remainstrappedfor
long time. Although theexperimentis taken on a relatively shortperiodof time, 2048
time stepssampledat a frequency 10 timesthat of the basicclock tick, it is clearthat
spatialcorrelationis minimal.

While spatialcorrelationincreasesonly slightly with decreasingdriving, the spatial
periodicity remainsunchanged.As it turnsout, this quantitydependsonly on thecou-
pling strengthandnotonthedriving.Figure7 showsthatthespatialwavelengthfollows
linearly thecouplingstrength.Thestretchedexponentialbehavior is mostlyconstrained
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to aspatialperiodicitybetween4 and5 sites.

3.2. Origin of the stretchedexponential

In order to betterunderstandthe origin of the stretchedexponential,we turn to the
numericalmodel. The coupled-mapmodel introducedabove reproducesclosely the
featuresseenexperimentally. This demonstratesthatthestretchedexponentialbehavior
is agenericpropertyof coupledchaoticsystemsandnotcausedby frozendisorder[15].

In orderto investigatetheorigin of thestretchedexponentialbehavior in this system,
werewrite Eq. (2) asanexternalperturbation,at onanisolatedsite:

x(t + 1) = (1� a ) f [x(t)] + a a(t): (4)

Within this picture,it is convenientto relaxthecoarse-grainedpictureandto introduce
the naturalinvariantdensity, r (x). This densityis de�ned suchthat r (x)dx gives the
fractionof thetime theorbit spendsin the interval dx aroundx. A similar quantitycan
bede�ned for theexternalperturbation,r (a).

For the uncoupledmapin the fully chaotic,the naturalinvariantr (x) hasthe well-
known “U” shape[12]. r (a), representingthe distribution for

�
f (xi� 1) + f (xi+ 1)

�
is

alreadyveryGaussian-likeandpeakedat0.5.
Thesedensitiesaremodi�ed signi�cantly with thecoupling.For thesinglesitenatural

invariant,r (x), the peaksat 0 and1 have moved inside.The competitionbetweenthe
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correspondsto the contribution of the neighborsin a spatialperiod-four regime [the peakat 0.67 in
Fig. 8(d)].

periodoscillationsandthe chaoticbehavior areclearly seenthere,by a non-vanishing
density betweenthe peaksat x = 0:45 and x = 0:85. The central peak for r (a) is
shiftedto theright anda shoulderappearsnear1. Thecentralpeakariseswhenthetwo
neighborsof site i arein oppositeband,i.e.,whenthelattice is in a spatialperiod-four.
Theeffectof thisperturbationonsitei in Eq.(4) is, in effect,to shift thebifurcationmap
from achaoticto a temporalperiod-two regime,settingthesiteinto a trap(seeFig. 9).

While Eq. (4) canhelpunderstandtheorigin of thetrapsin thesecoupledsystems,it
alsounderlinesthe needfor local spatialorganization.For example,selectingthe per-
turbationa(t) from thedistributionr (a) presentedin Fig. 8 generatesonly anexponen-
tial trap-timedistribution. If we introducea biasin thedistribution, by favoring with a
stretchedexponentialprobability, avalueof a(t) correspondingto thepeakin r (a), then
the mapalsoshows stretchedexponentialdistributions.This demonstratesthat oncea
stretchedexponentialis presentin thedynamics,it will forceit on therestof thelattice.

This is con�rmed by constructinga(t) by addingthe stateof two sitesselectedat
randomon a large lattice and using this perturbationon an isolatedmap. The trap-
distribution on this mapalsodisplaysa stretched-exponentialtrap distribution, with a
stretchedexponentb largerthanthatof thelattice.

Sincethereis nodirectcommunicationbetweenthetwo sitesselectedat random(the
spatialcorrelationis very short range— lessthan 10 sites),it is even suf�cient that
eachneighborbelockedinto a stretched-exponentialtrap-distribution independentlyto
impactsimilarly thecentralsite.
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3.3. Higher-dimensionallattices

In view of the existenceof 3D con�gurational glasses,it is interestingto assess
whetherthe stretched-exponentialtrap-timedistribution persistsin higherdimension.
In view of the discussionof the previous section,onecould expect that the stretched
exponentialbehavior disappearrapidlywith increasingdimensionality. How fastexactly
hasto beestablishedexperimentally.

Fig. 10 shows thephasediagramof thecoupledmap,in termsof thelevel of activity
as function of the driving r andthe couplingparametera . While the overall level of
activity, save for very small couplings,decreasessigni�cantly with the dimensionality
of thelattice,thequalitativestructureof phasediagramremainssimilar.

In all dimension,thereis a signi�cant frozenregion abovea ' 0:1, wherethelattice
locksinto aspatialandtemporalperiodtwo.At veryhighcoupling,theactivity increases
againasthe whole lattice startsbehaving asa single,perfectlyin step,oscillator. The
interestingregion of the phasespace,for our purposesis thereforein the medium
coupling,0:2 < a < 0:4, wherestretchedexponentialdynamicsoccursin 1D.

Changesare signi�cant enough,however, that we might wonder whetheror not
the closerelationbetweenexperimentandsimulationwill survive higherdimensions.
While a 3D experimentalset-upis currently being put together, simulationsindicate
that the parameterwindow for stretchedexponentialbehavior decreasesin size.There
are, however, someregions of the phasediagramwhere stretchedexponentialtrap-
distribution occurin both 2D and3D but a full characterizationof thosehasnot been
completedat thispoint.

4. CONCLUSION

Coupledarraysof chaoticelementsdisplay are remarkablyrich rangeof dynamics.
We have found that for a wide rangeof parameters,thesecoupledlattices behave
in ways very reminiscentof glasses,with frustration inducing stretchedexponential
distributions.Theseresults,whichareseenbothexperimentallyandnumericallyappear
to be universal.Becausethe dynamicalsystemscan be much more easyto measure
andsimulate,they canprovide us with a new way to studythe origin of the stretched
exponentialrelaxationin glasses.

Spatialorganizationappearscritical, here,to generatethestretchedexponentialtrap-
timedistribution.Thestabilityof trapsis ensuredby thepresenceof aspatialperiod-four
region.Nevertheless,theshortrangespatialcorrelationsindicatethatthereis not much
stabilitygainedby extendinggreatlytheperiod-fourregion.As b decreasesfrom 0.50to
0.33andthelongertrapincreasein time250-fold,thespatialcorrelationlengthgoesup
from 2 to 8. Thiscanbecomparedwith theabsenceof adiverginglengthscaleobserved
in glassesasthedynamicsslowsdown to ahalt.

Althoughwehavemademuchprogressin understandingthisnew dynamicsin arrays
of coupledchaoticelements,therearestill a few questionsthat remainto beanswered
regardingtheeffectsof dimensionandthe links betweenthesesystemsandcon�gura-
tionalglasses.Wearehopefulthatstudyingfurtherthesephaseswill helpusidentify the



origin of stretchedexponentialrelaxation,a questionwhich hasbeenwith us for more
than150yearsby now.
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